Insights on representational similarity in neural networks with canonical correlation

Ari S. Morcos^{∗ †}

DeepMind arimorcos@google.com

Maithra Raghu^{∗†} Google Brain, Cornell University maithrar@gmail.com

Samy Bengio Google Brain bengio@google.com

Abstract

Comparing different neural network representations and determining how representations evolve over time remain challenging open questions in our understanding of the function of neural networks. Comparing representations in neural networks is fundamentally difficult as the structure of representations varies greatly, even across groups of networks trained on identical tasks, and over the course of training. Here, we develop projection weighted CCA (Canonical Correlation Analysis) as a tool for understanding neural networks, building off of SVCCA, a recently proposed method [22]. We first improve the core method, showing how to differentiate between signal and noise, and then apply this technique to compare across a group of CNNs, demonstrating that networks which generalize converge to more similar representations than networks which memorize, that wider networks converge to more similar solutions than narrow networks, and that trained networks with identical topology but different learning rates converge to distinct clusters with diverse representations. We also investigate the representational dynamics of RNNs, across both training and sequential timesteps, finding that RNNs converge in a bottom-up pattern over the course of training and that the hidden state is highly variable over the course of a sequence, even when accounting for linear transforms. Together, these results provide new insights into the function of CNNs and RNNs, and demonstrate the utility of using CCA to understand representations.

1 Introduction

As neural networks have become more powerful, an increasing number of studies have sought to decipher their internal representations [26, 16, 4, 2, 11, 25, 21]. Most of these have focused on the role of individual units in the computations performed by individual networks. Comparing population representations across networks has proven especially difficult, largely because networks converge to apparently distinct solutions in which it is difficult to find one-to-one mappings of units [16].

Recently, [22] applied Canonical Correlation Analysis (CCA) as a tool to compare representations across networks. CCA had previously been used for tasks such as computing the similarity between modeled and measured brain activity [23], and training multi-lingual word embeddings in language models [5]. Because CCA is invariant to linear transforms, it is capable of finding shared structure across representations which are superficially dissimilar, making CCA an ideal tool for comparing the representations across groups of networks and for comparing representations across time in RNNs.

Using CCA to investigate the representations of neural networks, we make three main contributions:

∗equal contribution, in alphabetical order †To whom correspondence should be addressed: arimorcos@google.com, maithrar@gmail.com

Preprint. Work in progress.

arXiv:1806.05759v1 [stat.ML] 14 Jun 2018

1. We analyse the technique introduced in [22], and identify a key challenge: the method does not effectively distinguish between the signal and the noise in the representation. We address this via a better aggregation technique (Section 2.2).

2. Building off of [21], we demonstrate that groups of networks which generalize converge to more similar solutions than those which memorize (Section 3.1), that wider networks converge to more similar solutions than narrower networks (Section 3.2), and that networks with identical topology but distinct learning rates converge to a small set of diverse solutions (Section 3.3).

3. Using CCA to analyze RNN representations over training, we find that, as with CNNs [22], RNNs exhibit bottom-up convergence (Section 4.1). Across sequence timesteps, however, we find that RNN representations vary significantly (Section A.3).

2 Canonical Correlation Analysis on Neural Network Representations

Canonical Correlation Analysis [10], is a statistical technique for relating two sets of observations arising from an underlying process. It identifies the ’best’ (maximizing correlation) linear relationships (under mutual orthogonality and norm constraints) between two sets of multidimensional variates.

Concretely, in our setting, the underlying process is a neural network being trained on some task. The multidimensional variates are neuron activation vectors over some dataset X. As in [22], a neuron activation vector denotes the outputs a single neuron z has on X. If X = {x_1, ..., x_m}, then the neuron z outputs scalars z(x_1), ..., z(x_m), which can be stacked to form a vector.^3

A single neuron activation vector is one multidimensional variate, and a layer of neurons gives us a set of multidimensional variates. In particular, we can consider two layers, L_1, L_2 of a neural network as two sets of observations, to which we can then apply CCA, to determine the similarity between two layers. Crucially, this similarity measure is invariant to (invertible) affine transforms of either layer, which makes it especially apt for neural networks, where the representation at each layer typically goes through an affine transform before later use. Most importantly, it also enables comparisons between different neural networks,^4 which is not naively possible due to a lack of any kind of neuron to neuron alignment.

2.1 Mathematical Details of Canonical Correlation

Here we overview the formal mathematical interpretation of CCA, as well as the optimization problem to compute it. Let L_1, L_2 be a × n and b × n dimensional matrices respectively, with L_1 representing a multidimensional variates, and L_2 representing bmultidimensional variates. We wish to find vectors w, s in R^a, R^b respectively, such that the dot product ρ = ⟨w^T L_1, s^T L_2⟩ ||w^T L_1|| · ||s^T L_2||

is maximized. Assuming the variates in L_1, L_2 are centered, and letting Σ_{L1,L1} denote the a by a covariance of L_1, Σ_{L2,L2} denote the b by b covariance of L_2, and Σ_{L1,L2} the cross covariance:

⟨w^T L_1, s^T L_2⟩ ||w^T L_1|| · ||s^T L_2|| = w^T Σ_{L1,L2} s √ w^T Σ_{L1,L1} w √ s^T Σ_{L2,L2} s

We can change basis, to w = Σ^{−1/2}

L_1,L_1 u and s = Σ

−1/2 L_2,L_2 v to get

w^T Σ_{L1,L2} s √ w^T Σ_{L1,L1} w √ s^T Σ_{L2,L2} s = u^T Σ^{−1/2}

L_1,L_1 ΣL1,L2 Σ

−1/2 L_2,L_2 v √ u^T u √ v^T v (*) which can be solved with a singular value decomposition:

Σ^{−1/2}

L_1,L_1 ΣL1,L2 Σ

−1/2 L_2,L_2 = UΛV

3This is different than the vector of all neuron outputs on a single input: z1(x1), ..., zN (x1), which is also sometimes referred to as an activation vector.

4Including those with different topologies such that L1 and L2 have different sizes. 2

One interesting direction for future work is to examine what is unique about directions which are preserved across networks trained with different initializations. Previous work has demonstrated that these directions are sufficient for the network computation [22], but the properties that make these directions special remain unknown. Furthermore, the attributes which specifically distinguish the diverse solutions found in Figure 5 remain unclear. We also observed that networks which converge to similar solutions exhibit higher generalization performance (Figure 4b). In future work, it would be interesting to explore whether this insight could be used as a regularizer to improve network performance. Additionally, it would be useful to explore whether this result is consistent in RNNs as well as CNNs. Another interesting direction would be to investigate which aspects of the representation present in RNNs is stable over time and which aspects vary. Additionally, in previous work [22], it was observed that fixing layers in CNNs over the course of training led to better test performance (“freeze training”). An interesting open question would be to investigate whether a similar training protocol could be adapted for RNNs.

Acknowledgments

We would like to thank Jascha Sohl-Dickstein for critical feedback on the manuscript, and Jason Yosinski, Jon Kleinberg, Martin Wattenberg, Neil Rabinowitz, Justin Gilmer, and Avraham Ruderman for helpful discussion.

References

[1] Sajid Anwar, Kyuyeon Hwang, and Wonyong Sung. Structured pruning of deep convolutional neural networks. J. Emerg. Technol. Comput. Syst., 13(3):32:1–32:18, February 2017.

[2] Devansh Arpit, Stanisław Jastrzębski, Nicolas Ballas, David Krueger, Emmanuel Bengio, Maxinder S Kanwal, Tegan Maharaj, Asja Fischer, Aaron Courville, Yoshua Bengio, and Simon Lacoste-Julien. A closer look at memorization in deep networks. In Proceedings of the 34th International Conference on Machine Learning (ICML’17), June 2017.

[3] Maurice S. Bartlett. The statistical significance of canonical correlations. In Biometrika, volume 32, pages 29 – 37, 1941.

[4] David Bau, Bolei Zhou, Aditya Khosla, Aude Oliva, and Antonio Torralba. Network dissection:

Quantifying interpretability of deep visual representations. In Computer Vision and Pattern Recognition, 2017.

[5] Manaal Faruqui and Chris Dyer. Improving vector space word representations using multilingual correlation. In Association for Computational Linguistics, 2014.

[6] Mikhail Figurnov, Aizhan Ibraimova, Dmitry P Vetrov, and Pushmeet Kohli. PerforatedCNNs:

Acceleration through elimination of redundant convolutions. In D D Lee, M Sugiyama, U V Luxburg, I Guyon, and R Garnett, editors, Advances in Neural Information Processing Systems 29, pages 947–955. Curran Associates, Inc., 2016.

[7] Jonathan Frankle and Michael Carbin. The lottery ticket hypothesis: Training pruned neural networks. CoRR, abs/1803.03635, 2018.

[8] Song Han, Huizi Mao, and William J Dally. Deep compression: Compressing deep neural networks with pruning, trained quantization and huffman coding. In Proceedings of the 4th International Conference on Learning Representations (ICLR’16), October 2015.

[9] Song Han, Jeff Pool, John Tran, and William J. Dally. Learning both weights and connections for efficient neural networks. CoRR, abs/1506.02626, 2015.

[10] Harold Hotelling. Relations between two sets of variates. In Biometrika, volume 28, pages 321–337, 1936.

[11] Andrej Karpathy, Justin Johnson, and Li Fei-Fei. Visualizing and understanding recurrent networks. International Conference on Learning Representations Workshop, abs/1506.02078, 2016.

[12] Yann LeCun, John S Denker, and Sara A Solla. Optimal brain damage. In D S Touretzky, editor, Advances in Neural Information Processing Systems 2, pages 598–605. Morgan-Kaufmann, 1990.

[13] Jaehoon Lee, Yasaman Bahri, Roman Novak, Samuel S Schoenholz, Jeffrey Pennington, and Jascha Sohl-Dickstein. Deep neural networks as gaussian processes. In International Conference on Learning Representations (ICLR’17), 2018.

[14] Chunyuan Li, Heerad Farkhoor, Rosanne Liu, and Jason Yosinski. Measuring the intrinsic dimension of objective landscapes. In International Conference on Learning Representations, April 2018.

[15] Hao Li, Asim Kadav, Igor Durdanovic, Hanan Samet, and Hans Peter Graf. Pruning filters for efficient ConvNets. In International Conference on Learning Representations (ICLR’17), pages 1–10, 2017.

[16] Yixuan Li, Jason Yosinski, Jeff Clune, Hod Lipson, and John Hopcroft. Convergent learning:

Do different neural networks learn the same representations? In Feature Extraction: Modern Questions and Challenges, pages 196–212, 2015.

[17] AGDG Matthews, J Hron, M Rowland, RE Turner, and Z Ghahramani. Gaussian process behaviour in wide deep neural networks. In International Conference on Learning Representations (ICLR’18), 2018.

[18] Stephen Merity, Nitish Shirish Keskar, and Richard Socher. Regularizing and Optimizing LSTM Language Models. arXiv preprint arXiv:1708.02182, 2017.

[19] Stephen Merity, Nitish Shirish Keskar, and Richard Socher. An Analysis of Neural Language Modeling at Multiple Scales. arXiv preprint arXiv:1803.08240, 2018.

[20] Pavlo Molchanov, Stephen Tyree, Tero Karras, Timo Aila, and Jan Kautz. Pruning convolutional neural networks for resource efficient inference. In International Conference on Learning Representations (ICLR’17), November 2016.

[21] Ari S. Morcos, David G.T. Barrett, Neil C. Rabinowitz, and Matthew Botvinick. On the importance of single directions for generalization. In International Conference on Learning Representations (ICLR’18), 2018.

[22] Maithra Raghu, Justin Gilmer, Jason Yosinski, and Jascha Sohl-Dickstein. Svcca: Singular vector canonical correlation analysis for deep learning dynamics and interpretability. In Advances in Neural Information Processing Systems, 2017.

[23] David Sussillo, Mark M Churchland, Matthew T Kaufman, and Krishna V Shenoy. A neural network that finds a naturalistic solution for the production of muscle activity. Nature neuroscience, 18(7):1025–1033, 2015.

[24] Viivi Uurtio, João M. Monteiro, Jaz Kandola, John Shawe-Taylor, Delmiro Fernandez-Reyes, and Juho Rousu. A tutorial on canonical correlation methods. ACM Comput. Surv., 50(6):95:1– 95:33, November 2017.

[25] Jason Yosinski, Jeff Clune, Anh Nguyen, Thomas Fuchs, and Hod Lipson. Understanding neural networks through deep visualization. In Deep Learning Workshop, International Conference on Machine Learning (ICML), 2015.

[26] Matthew D Zeiler and Rob Fergus. Visualizing and understanding convolutional networks. In European conference on computer vision, pages 818–833. Springer, 2014.

[27] Chiyuan Zhang, Samy Bengio, Moritz Hardt, Benjamin Recht, and Oriol Vinyals. Understanding deep learning requires rethinking generalization. International Conference on Learning Representations (ICLR’16), abs/1611.03530, 2016.